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By using the conformal symmetry between Brans-Dicke action with ω = − 3
2
and O’Hanlon
action, we seek the O’Hanlon actions in Einstein frame respecting the Noether symmetry. Since
the Noether symmetry is preserved under conformal transformations, the existence of Noether
symmetry in the Brans-Dicke action asserts the Noether symmetry in O’Hanlon action in Einstein
frame. Therefore, the potentials respecting Noether symmetry in Brans-Dicke action give the
corresponding potentials respecting Noether symmetry in O’Hanlon action in Einstein frame.
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I. INTRODUCTION
Alternative theories of gravity (general relativity) have
been formulated and investigated in different contexts.
The most former theory in this ground is known as Brans-
Dicke scalar-tensor gravity in which the coupling of the
scalar field to the geometry is nonstandard [1] so that the
gravitational coupling turns out to be no longer constant.
Since then, more general couplings were considered and
the compatibility of such approaches with the different
formulations of equivalence principle have been studied
[2]-[13]. By conformal transformations it is possible to
show that in the absence of ordinary matter, any scalar-
tensor theory within the Jordan approach [14], [15] is con-
formally equivalent to an Einstein theory within the Ein-
stein approach, plus a minimally coupled scalar field [16],
[17]. Here, we show that such a conformal transforma-
tion when applied to the nonstandard Brans-Dicke action
with the special parameter ω = − 32 leads to the O’Hanlon
type theory [18] where the kinetic term is removed, i.e.
the dynamics is completely endowed by the self interact-
ing potential. On the other hand, it is generally shown
that the Noether symmetry is preserved under the confor-
mal transformation [16], [17]. Therefore, if we find that
the Noether symmetry exists in such Brans-Dicke action,
then we may conclude that the Noether symmetry exists
in O’Hanlon action, too. Fortunately, such a Noether
symmetry has already been obtained in Brans-Dicke ac-
tion for a specific scalar field potential [19]. Hence, we use
this potential in Brans-Dicke action and obtain the corre-
sponding potential which respects the Noether symmetry
in the O’Hanlon action. Our motivation for this proce-
dure is the fact that O’Hanlon action has no dynamical
term, so it is not easy to apply the Noether symmetry
approach directly to this action.
In Sec. (II) we discuss the conformal symmetry between
Jordan and Einstein frames. In Sec. (III) we intro-
duce the conformal transformation which transforms the
Brans-Dicke action with ω = − 32 into O’Hanlon action,
and in Sec. (IV) we apply the Noether symmetry method
to obtain the self interacting scalar fields which preserve
the Noether symmetry in both theories. Conclusions are
given in Sec. (V).
II. CONFORMAL SYMMETRY BETWEEN
JORDAN AND EINSTEIN FRAMES
The general form of the action in four dimensions for
a nonstandard coupling between the scalar field and the
geometry is given by
S =
∫
d4x
√−g
(
F (φ)R +
1
2
gµνφ;µφ;ν − V (φ)
)
, (1)
where R is the Ricci scalar, V (φ) and F (φ) are typical
functions describing the potential for the scalar field φ
and the coupling of φ with gravity, respectively1. This
form of the action or the Lagrangian density is usually
referred to the Jordan frame, because of the coupling
term term F (φ)R. The variation with respect to the
metric gµν gives rise to the generalized Einstein equations
F (φ)Gµν = −1
2
Tµν − gµνΓF (φ) + F (φ);µν , (2)
where Γ is the d’Alembert operator with respect to the
connection Γ, Gµν is the standard Einstein tensor
Gµν = Rµν − 1
2
Rgµν , (3)
and Tµν is the energy-momentum tensor of the scalar
field
Tµν = φ;µφ;ν − 1
2
gµνφ;αφ
;α + gµνV (φ). (4)
The variation with respect to φ leads to Klein-Gordon
equation
Γφ−RFφ(φ) + Vφ(φ) = 0, (5)
1 The metric signature is (−+++) and Planck units are used.
2where Fφ =
dF (φ)
dφ
, Vφ(φ) =
dV (φ)
dφ
. We now consider a
conformal transformation on the metric gµν
g¯µν = e
2Ωgµν , (6)
where Ω is an arbitrary function of spacetime. The Rie-
mann and Ricci tensors together with the connection and
Ricci scalar transform under this conformal transforma-
tion so that the Lagrangian density in (1) becomes
√−g
(
FR+
1
2
gµνφ;µφ;ν − V (φ)
)
=
√−g¯e−2Ω (FR¯+
−6FΓ¯Ω− 6FΩ;αΩ;α +
1
2
g¯µνφ;µφ;ν − e−2ΩV (φ)
)
,(7)
where R¯, Γ¯ and Γ¯ are the corresponding quantities with
respect to the metric g¯µν and connection Γ¯, respectively.
If we require the new theory in terms of g¯µν to appear as
a standard Einstein theory the conformal factor has to
be related to F as
e2Ω = 2F. (8)
Using this relation, the Lagrangian density (7) becomes
√−g
(
FR+
1
2
gµνφ;µφ;ν − V (φ)
)
(9)
=
√−g¯
(
1
2
R¯+ 3Γ¯Ω +
3F 2φ − F
4F 2
φ;αφ
;α − V (φ)
4F 2
)
.
By introducing a new scalar field φ¯ and the potential V¯ ,
respectively defined by
φ¯;α =
√
3F 2φ − F
4F 2
φ;α, V¯ (φ¯(φ)) =
V (φ)
4F 2
, (10)
we obtain2
√−g
(
FR+
1
2
gµνφ;µφ;ν − V (φ)
)
=
√−g¯
(
1
2
R¯+
1
2
φ¯;αφ¯
;α − V¯ (φ¯)
)
, (11)
where the r.h.s. is the usual Einstein-Hilbert Lagrangian
density subject to the metric g¯µν , plus the standard La-
grangian density of the scalar field φ¯. This form of the
Lagrangian density is usually referred to the Einstein
frame. Therefore, we realize that any nonstandard cou-
pled theory of gravity with scalar field, in the absence of
ordinary matter, is conformally equivalent to the stan-
dard Einstein gravity coupled with scalar field provided
that we use the conformal transformation (8) together
with the definitions (10). The converse is also true: for
2 Note that the divergence-type term 3
Γ¯
Ω appearing in the La-
grangian density is not considered [16], [17].
a given F (φ), such that 3F 2φ − F > 0, we can transform
a standard Einstein theory into a nonstandard coupled
theory. This has an important meaning: if we are able
to solve the field equations within the framework of stan-
dard Einstein gravity coupled with an scalar field subject
to a given potential, we should be able to get the solu-
tions for the class of nonstandard coupled theories, with
the coupling F (φ), through the conformal transformation
and the definitions defined by (8), and (10), respectively.
This statement is exactly what we mean as the conformal
equivalence between Jordan and Einstein frames.
III. CONFORMAL SYMMETRY BETWEEN
BRANS-DICKE ACTION WITH ω = − 3
2
AND
O’HANLON ACTION
The Brans-Dicke action in Jordan frame with ω = − 32
is defined by the action
S =
∫
P
d4x
√−g
(
φR +
3
2φ
φ;µφ
;µ − V (φ)
)
. (12)
We are motivated for choosing this action with the spe-
cific ω because it is known that the Brans-Dicke ac-
tion in Jordan frame with ω = − 32 is equivalent to the
f(R) gravity in Palatini formalism, where R is the Ricci
scalar [20]. Moreover, the viable f(R) theories of grav-
ity in Palatini formalism were found by searching for the
Noether symmetry within the dynamically equivalent ac-
tion, namely the Brans-Dicke action in Jordan frame with
ω = − 32 , with some viable scalar field potentials [19].
Here, by the study of conformal equivalence between the
Brans-Dicke action in Jordan frame with ω = − 32 and
O’Hanlon action in Einstein frame we are indeed look-
ing for those O’Hanlon actions in Einstein frame which
are viable regarding the viable f(R) theories of gravity
in Palatini formalism, from Noether symmetry point of
view. In this way, for any viable f(R) theory of gravity
from Noether symmetry point of view, we may find the
corresponding O’Hanlon actions in Einstein frame.
By redefining the scalar field φ to a new field
σ = 2
√
3φ, (13)
the Brans-Dicke action (12) becomes
S =
∫
P
d4x
√−g
(
F (σ)R +
1
2
gµνσ;µσ;ν − V (σ)
)
, (14)
where
F (σ) =
1
12
σ2. (15)
This action is now exactly the same as (1) in the Jordan
frame in which φ is replaced by σ. Therefore, with a
similar procedure for the field σ we may write down
√−g
(
F (σ)R +
1
2
gµνσ;µσ;ν − V (σ)
)
=
√−g¯
(
1
2
R¯ +
1
2
σ¯;ασ¯
;α − V¯
)
, (16)
3where
σ¯;α =
√
3F 2σ − F
4F 2
σ;α, V¯ (σ¯(σ)) =
V (σ)
4F 2
, (17)
and
Fσ =
dF (σ)
dσ
. (18)
Substituting F (σ) (15) in the definition of σ¯;α leads to
zero kinetic term for this field and we obtain
√−g¯
(
1
2
R¯− V¯
)
. (19)
The r.h.s. of eq. (19) is the Lagrangian density in the
Einstein frame 3, namely it becomes the O’Hanlon ac-
tion where the dynamics is completely endowed by the
self interacting potential [18]. Therefore, it is shown that
the Brans-Dicke action in Jordan frame with the param-
eter ω = − 32 and O’Hanlon action in Einstein frame are
conformally equivalent.
IV. NOETHER SYMMETRY IN BRANS-DICKE
ACTION WITH ω = − 3
2
Using the flat Friedmann-Robertson-Walker metric the
Lagrangian related to the action (12) takes the point-like
form
L = 12a2ϕϕ˙a˙+ 6ϕ2a˙2a+ 6a3ϕ˙2 − V (ϕ)a3, (22)
where the redefinition φ ≡ ϕ2 has been used. Solutions
for the dynamics given by (22) can be achieved by select-
ing cyclic variables related to some Noether symmetry
[21, 22]. In principle, this approach allows us to select
gravity models compatible with the Noether symmetry.
Let L(qi, q˙i) be a canonical, non degenerate point-like
Lagrangian subject to
∂L
∂t
= 0, detHij ≡
∥∥∥∥ ∂2L∂q˙i∂q˙j
∥∥∥∥ 6= 0, (23)
3 It is interesting to note that for the following potential
V (σ) =
Λ¯
36
σ4, (20)
where Λ¯ is a constant, we obtain V¯ = Λ¯ and the action in Einstein
frame is reduced to Einstein-Hilbert action with a cosmological
constant Λ¯. The corresponding potential in the Jordan frame
with Brans-Dicke action (12) takes the following form
V (φ) = 4Λ¯φ2, (21)
which converts the action into a gravity theory non-minimally
coupled with a massive scalar field with an squared mass scale
of the order of cosmological constant.
whereHij is the Hessian matrix and a dot denotes deriva-
tive with respect to the cosmic time t. The Lagrangian
L is generally of the form
L = T (q, q˙)− V (q), (24)
where T and V are kinetic energy (with positive definite
quadratic form) and potential energy, respectively. The
energy function associated with L is defined by
EL ≡ ∂L
∂q˙i
− L, (25)
which is the total energy T + V as a constant of motion.
Since our cosmological problem has a finite number of
degrees of freedom, we consider only point transforma-
tions.
Any invertible transformation of the generalized posi-
tions Qi = Qi(q) induces a transformation of the gener-
alized velocities
Q˙i(q) =
∂Qi
∂qj
q˙j , (26)
where the matrix J =
∥∥∂Qi/∂qj∥∥ is the Jacobian of the
transformation, and it is assumed to be non-zero. On
the other hand, an infinitesimal point transformation is
represented by a generic vector field on Q
X = αi(q)
∂
∂qi
. (27)
The induced transformation (26) is then represented by
X
c = αi
∂
∂qi
+
(
d
dt
αi
)
∂
∂q˙i
. (28)
The Lagrangian L(q, q˙) is invariant under the transfor-
mation by X provided that
LXL ≡ αi ∂L
∂qi
+
(
d
dt
αi
)
∂
∂q˙i
L = 0, (29)
where LXL is the Lie derivative of L. Let us now consider
the Lagrangian L and its Euler-Lagrange equations
d
dt
∂L
∂q˙j
− ∂L
∂qj
= 0. (30)
Contracting (30) with αi gives
αj
(
d
dt
∂L
∂q˙j
)
= αj
(
∂L
∂qj
)
. (31)
On the other hand, we can write
d
dt
(
αj
∂L
∂q˙j
)
= αj
(
d
dt
∂L
∂q˙j
)
+
(
dαj
dt
)
∂L
∂q˙j
, (32)
in which the first term in the RHS can be replaced by
the RHS of (31), hence (32) results in
d
dt
(
αj
∂L
∂q˙j
)
= LXL. (33)
4The immediate consequence of this result is the Noether
theorem which states: if LXL = 0, then the function
Σ0 = α
k ∂L
∂q˙k
, (34)
is a constant of motion.
In the present model of scalar-tensor cosmology, the
Lagrangian is defined by (22), and the generator of the
symmetry corresponding to this Lagrangian is given by
X = A
∂
∂a
+B
∂
∂φ
+ A˙
∂
∂a˙
+ B˙
∂
∂φ˙
. (35)
The Noether symmetry exists if the equation LXL = 0
has solution for the Killing vector X . In other words, a
symmetry exists if at least one of the functions A, or B
in the equation (35) is different from zero. The existence
condition for the symmetry leads to the following system
of partial differential equations [19]
2ϕA+ aB + ϕ2
∂A
∂ϕ
+ aϕ
∂A
∂a
+ a2
∂B
∂a
+ aϕ
∂B
∂ϕ
= 0,(36)
ϕA+ 2aB + 2aϕ
∂A
∂a
+ 2a2
∂B
∂a
= 0, (37)
3A+ 2ϕ
∂A
∂ϕ
+ 2a
∂B
∂ϕ
= 0, (38)
3a2V (ϕ)A +B
dV
dϕ
a3 = 0. (39)
From Eq.(39) we have
A =
[
− V
′(ϕ)
3V (ϕ)
]
Ba, (40)
where ′ denotes derivative with respect to φ. Substituting
(40) into (37), we find that A = f(ϕ)an and
V ′
3V
=
2n
1 + 2n
ϕ−1. (41)
By substituting these results in (38) we obtain
f(ϕ) = βϕn−1 (42)
where β is a constant. These results satisfy Eq.(36) for
any arbitrary n. From Eqs.(40) and (42) one obtains [19]
A = βanϕn−1, (43)
B = − (2n+ 1)β
2n
an−1ϕn (44)
V (ϕ) = λϕ
6n
1+2n , (45)
or
V (φ) = λφ
3n
1+2n , (46)
where λ is a constant. In conclusion, the Noether sym-
metry for the Lagrangian (22) with the potential (45)
exists and the associated vector field X is determined by
(43) and (44) provided that n 6= 0,−1/2.
V. NOETHER SYMMETRY IN O’HANLON
ACTION
If we apply the Noether symmetry approach for
O’Hanlon action we realize that the corresponding La-
grangian is degenerate and this cause a serious problem
because the symmetric vector field X looses one degree
of freedom related to the velocity of the scalar field. To
overcome this problem, we remind that according to [16],
[17], Noether symmetries are conformally preserved in
a general way. Bearing this in mind, we note that the
Noether symmetry in the action (12) with the potential
(46) is preserved under a conformal transformation into
O’Hanlon action (19). Therefore, O’Hanlon action rep-
resents the Noether symmetry provided that we have the
following class of potentials
V¯ (σ) = 3λσ−
2n+4
2n+1 , n 6= 0,−1/2, (47)
where use has been made of Eqs.(13), (15), (17) and (46).
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